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(a)(d) will be modified
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Lagrangian model (1)

Kinetic energy stored in inductor:  𝑇 = Τ𝐿 ሶ𝑄2 2

Electrostatic energy stored in capacitor: 𝑉 = Τ𝑄2 2𝐶

Generalized coordinates: 
The charge accumulated on a resonator 𝑄, ሶ𝑄

For a single resonator, we have: 

ℒ = 𝑇 − 𝑉 =
𝐿 ሶ𝑄2

2
−
𝑄2

2𝐶

ℒ =
𝐿1
2

ሶ𝑄1
2 − 𝜔1

2𝑄1
2 +

𝐿2
2

ሶ𝑄2
2 − 𝜔2𝑄2

2 +𝑀𝐻
ሶ𝑄1 ሶ𝑄2 +𝑀𝐸𝜔1𝜔2𝑄1𝑄2

𝜔 = 𝐿𝐶

ℒ =
𝐿

2
ሶ𝑄2 − 𝜔2𝑄2

Consider the coupling between two resonators, the Lagrangian is 

Mutual inductance Mutual capacitance

ℱ =
𝛾1
2

ሶ𝑄1
2 +

𝛾2
2

ሶ𝑄2
2 +𝑀𝑅

ሶ𝑄1 ሶ𝑄2

Rayleigh’s Dissipation function:

Mutual resistance
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Lagrangian model (2)
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Generalized Euler-Lagrange equation: 

𝑑

𝑑𝑡

𝜕ℒ

𝜕 ሶ𝑄𝑖
−
𝜕ℒ

𝜕𝑄𝑖
+
𝜕ℱ

𝜕 ሶ𝑄𝑖
= 0 , 𝑖 = 1,2

ሷ𝑄1 + 𝛾1 +𝜔1
2𝑄1 +

𝑀𝐻

𝐿1
ሷ𝑄2+

𝑀𝐸

𝐿1
𝜔1𝜔2𝑄2 +

𝑀𝑅

𝐿1
ሶ𝑄2

ሷ𝑄2 + 𝛾2 +𝜔2
2𝑄2 +

𝑀𝐻

𝐿2
ሷ𝑄1+

𝑀𝐸

𝐿2
𝜔1𝜔2𝑄1 +

𝑀𝑅

𝐿2
ሶ𝑄1

𝜔1
2 − 𝜔2 + 𝑖𝜔𝛾1 𝜅𝐸 − 𝜅𝐻 + 𝑖𝜅𝑅
𝜅𝐸 − 𝜅𝐻 + 𝑖𝜅𝑅 𝜔2

2 − 𝜔2 + 𝑖𝜔𝛾2

𝐴

𝐵
=

0

0

𝑄1 = 𝐴𝑒𝑖𝜔𝑡

𝑄2 = 𝐵𝑒𝑖𝜔𝑡

𝜅𝐸 =
𝑀𝐻

𝐿1
ሷ𝑄2

𝜅𝐻 =
𝑀𝐸

𝐿1
𝜔1𝜔2𝑄2

𝜅𝑅 =
𝑀𝑅

𝐿2
ሶ𝑄1

𝑔 = 𝐽 + 𝑖Γ

𝐽 = 𝜅𝐸 − 𝜅𝐻, Γ = 𝜅𝑅
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Cross E Cross H

SRR E SRR H

Coupled E Coupled H
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Coupled E dB scale Coupled H dB scale


